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Signal Processing

B8 Signal processing systems

X(t) = y(t)
!

?

N x(t) Signal ol
—|  Processing [—>
system
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Signal processing systems

Continuous

signal

X(t) —»

y(t)=H(x(1))

Continuous time t
system I y( )

Signal Processing

eg. megaphone -
analog amplifier

t — continuous time variable
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Signal Processing

Signal processing systems

Discrete
time signal __Y(M)=H(x(n))
x(n)—-» Dis;:ri:gr:i]me » y(n) eg. reverberation
d (echo) model:

y(n)=0.1*y(n-1) +x(n),
- Digital filters

n — discrete time variablen=0, 1, ... N,...
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2 Signal processing systems - properties

1. With and without memory
2. Invertible and non-invertible
3. Causal and non-causal

4. Stable and unstable*

5. Linear and nonlinear

6. Time-invariant and time-variant

Signal Processing
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Signal Processing

i Systems with and without memory

Output signal of a system without memory at
Instance n depends only on the input signal at
the same time instance, eg:

y(n)=3x(n)+2x*(n)

Output signal of a system with memory at
Instance n depends on the input signal at
Instances k=n, eq:

ym)= > xk)+x(n) — y()=x(n-1)+x(n)
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Signal Processing

8 Causal systems

A system Is causal if its output signal at instance n
IS dependent only on the input signal at instance n
and/or previous instances, eqg:

y(n)= x(n)+x(n—10)

y(n)=x(n)=x(n+1)

noncausal
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Signal Processing

i Stable/unstable system - quiz guestion

The system is considered to be stable if for input signal samples
X(n) such that [x(n)|<A (where: A — is a finite constant) output signal
samples y(n) satisfy |y(n)|<B (where: B — is also a finite constant) —
this is so called bounded-input bounded-output (BIBO) stability.

1. Which of the system is stable?

a) y(n)=x(n)

) y(n)= ia” u(n)  where u(n) is a sequence of unit pulses
c) y(n)= Ii_zox(—n) where k is a constant

B ¥)=3x(0)
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Signal Processing n

Homogeneous systems

|F:

x(Nn) y(n)

v

THEN:

k-x(n) Ky(n)
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| Signal Processing
&

i Additive systems

|F:

x1(n) y1l(n)

AND:

x2(n) y2(n)

THEN:

x1(n) + x2(n) y1l(n) +y2(n)
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Signal Processing
Linear systems

If the system is homogeneous and additive, it is linear.

homogeneous additive

-

linear
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Signal Processing
&4 Superposition principle

Linear systems fulfill the superposition principle:

H [axl(n)+ bx, (n)] = aH [Xl(n)]+ bH [Xz (n)] =ay, (n)+by,(n)

le. the response of a linear system to a sum of input
signals is equal to the sum of the responses of the
Input signals.

Linear system example: Y(n) = 3X(n)

Nonlinear system example: y(n) —
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Signal Processing

& | inear systems
Is the following system: y(n)=2x(n)+1 linear?

Let: x(n)=2 and x,(n)=3 NO!

(n)=2x(n)+1=5  y,(n)=2x,(n)+1=7
However:

Ys(n)=2[x(n)+x,(n)]+1=11 = y,(n)+y,(n)=12

Conclusion: The response of a linear system to
zero input is...?
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Signal Processing
:.7;3'

& | inear systems

Is the following system: y(n)=2x(n)+1 linear?

Remember:

H [ax, (n)+ bx, (n)] =ay, (n)+by,(n)

H [ax, (n)+bx,(n)| = 2[ax,(n)+bx,(n)]+ 1= 2ax,(n)+ 2bx,(n)+1
But:

ay, (n)+ by, (n)=2ax,(n)+ 2bx,(n)+a+b
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Signal Processing

(o

i Quiz questions

1. Which of these systems are linear? Show calculations.

a) y(n)=3x(n)
by ¥(n)=> x(n)
c) y(n)=k>x(-n)

d) y(n)=x*(n)

e) VIt
N y(t)=[x(z)dz
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Signal Processing
&

U Time invariant systems

Time Iinvariant systems have the following property:
IF y(n) is the response of the system to X(Nn)

THEN y(n-K) is the response to Xx(n-k).

y(n)=H[x(n)] = y(n—k)=H[x(n—k)
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Signal Processing 17/
-

8 | T1 systems

We will concentrate on the LTI systems.

We will show that for LTI systems,
the knowledge of the system response to the

impulse An) is enough to determine the response
of the system to any discrete time signal.

Impulse response
an) h(n)
‘ Linear system ‘ \ 11,
0 0
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P Continous vs discrete time signal Signal Processing 18 |
d (Dirac impulse series )

Unit impulse:

1 for n=0 .
o(n)=
Oforn;to Fo— 0 00 =® O — 0"y o —0 )
n=0 N
1
s(n—k)
——0—0—0—0—0—0—0——0—0 >

St [T
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Signal Processing
&

U Continous vs discrete time signal

>

k=00 4 t
2.5m=k) L]

n

K =00 ‘

0123

n

‘HHUH X
At
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Signal Processing )
-

=l Discrete signal definition

Discrete time signal is an impulse series: {x(na4t)}
for At=1 {x(1), x(2), ... x(k), ...}
x(nAt) 1

.
EEEEEEEEEE
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Signal Processing
&

U3 Discrete signal example

x(nAt) 1

UL

i~ 3 ! n
At

1
- e

x(n)=x(=15(n+1)+x(0)5(n—0)+x(L)5(n—1)+x(2)5(n—2) +...
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4 Response of the LTI system Signal Processing

& 10 a discrete signal

: i k=00
Input signal x(n): x(n) _ Z X(k)5(n _ k) -
k=—o0

Impulse response: h(n) =H [5(“)]

The response of the system to the input x(n) is determined according to the
superposition principle:

y)=H| 3ok SRkl

::zix(k)H[(s(n_k)]::j;x(k)h(n_k)
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P Response of the LTI system Signal Processing
{2 to the discrete signal

«(n)= :i;x(k)(s(n )
Output signal y(n): ]
y(n):kk_j;x(k)h(n_k)::_j;x(n_k)h(k)
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4 Convolution example

Signal Processing

-
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Signal Processing /

(&8 Convolution example

xn)=[L 1. 1] h(K)
h(n)=[1, 1]

°
— ¢————o

W oe
N

1

H
o

y(n)= kiox(n ~k)h(k) X(1-k)

y)= 3 x(1-K)h(k)= x1—0)h(0)+ x(-D)h(D) + . l l
k=0 1

+X(1-2)h(2)+...=1+1+0=2
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Signal Processing /
)

(&8 Convolution example

xn)=[L 1. 1] h(K)
h(n)=[1, 1]

°
— ¢————o

W oe
N

1

H
o

y()= 3 x(n-K)h(k) X(2-K)

k=—o0

-
= ¢———o
nN) —e
®
\4

y(2)= 3 x(2-K)h(k) = x(2—O)h(0)+ x(2-Dh() +

+Xx(2-2)h(2)+...=1+1+0=2
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Signal Processing

>

) | (N) = x(n)*h(n)=[1221]
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Signal Processing E

€29 Convolution example

A A
=211 x(K) h(k)
h(n) = [2,1] 3¢ .
2 ¢
1 1
o—o I I ® > *— I ® ° >
SRR %2 3 K -10 12 3.k
X(-k) 1
k=00
y(n)= > x(n—k)h(k) 2 1
k=—o0 1
I . ® ° >
-2 101 2 K
k=oco
(0) = Z (0 — K)h(k) = x(—0)h(0) =3-2 = 6
k=0
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Signal Processing E

B Convolution example

A A
xw=321  x(K) h(k)
h(n) = [2,1] 3¢
2 2 ¢
1 1
o—o I I ® > *—o I ® ® >
SRR - 3 ") 10 12 3.K
x(1-k) 4
k=00 3
y(n)= > x(n-k)hik) 2 [
k=—c0 lI
- ® >
2 101 2 K
k=co
y(1) = Z x(1 — k)h(k) = x(1 = 0)h(0) + x(1 — Dh(1) + x(1 = 2)h(2) =4 +3+0=7
k=0
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Signal Processing E

Bl Convolution example

A A
xm =321 x(k) h(k)
h(n) = [2,1] 3 e
2 2¢
1 1
T I I ® > o—+o I ® PN >
SRR %2 3 K -10 12 3.k
A
k=00 X(2-k)
y(n)= > x(n—k)h(k) , 31
k=—c0 1
t ] 4
2 ‘101 2 K
k=00
y(2) = Z x(2 — k)h(k) = x(2 —0)h(0) + x(2 — Dh(D) +x(2 - 2)h(2) + .. =4
k=0
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Signal Processing

B Convolution example

A A
=211 x(K) h(k)
h(n) = [2,1] 3e .
1 11
o—o I I ® > *—o I ® ® >
R 3 1012 3 K
— X(3-k) ¢
y(n)= > x(n—k)h(k) 3
k=—00
1
' ] l )
2 101 2 K
k=co
y(3) = Zx(3—k)h(k)=x(3—0)h(0)+x(3—1)h(1)+x(3—2)h(2)=1
k=0
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Signal Processing

B Convolution example

A A
x(K) h(k)
3”21 29 .
o—o I I ® > x o—=o I ® ® >
E 0T 3 101 2 K

x(n) = [3,2,1] h(n) = [2,1]

y(n) = x(n) xh(n) = [3,2,1] * [2,1] = [6,7,4,1]
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Signal Processing

Convolution
YO =xt)=h(t)= [t )de
y(0)=x(n)+h(n)= xR~
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#1 Convolution

Equation:

Signal Processing

y(n)= 3 x()(n-k)=x(n)sh(n)

K=—o0

is called the convolution of X(n) with h(n), ie. Input series with
Impulse response of the system.

4

k=00 k =00
K=—00 K=—00
Projekt wspéffinansowany przez Unie Europejskg ~ UNIAEUROPEJSKA
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Signal Processing

Let the input signal be: x(n) _ plon
The output signal y(n):

X
I

o0

y(n)= Yo x(n-k)hik)= e hik)-

k

_gion ze (k) x(H (o)
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Signal Processing a

k=00 4 T L L T
y(n)=x(n)*h(n)= XQ@EZ@hﬁ |
z 0 o TTo 2 9
J) & L &
. 2 -
Signal x i r r r r _
S 0 5 10 15 20
4. L L L L
2~ |
Signal h
05— S S >—E—6 c
-5 5 10 15 20
10F- t L T L N
The result of 0
convolution
-10+ r r r r 7
-5 0 5 10 15 20

5 KAPITAL LUDZKI
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Signal Processing 37

k=00 4 A . ' :
y(n)=x(n)*h(n)="3 x(k)h(n—k)| 2- f
2: : o 110 ? 9
J) & £ &
. 2 _
Signal x I r | | | |
-5 0 5 10 15 20
4 : ; L L
2 ©) |
Signal h ‘ T
02 i 0 55 > 1% S S 1; SRS 2'0
10 t t C r N
The result of 0
convolution 10l |
5 b = 10 e 3
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Signal Processing E

U3l Determination of convolution

4 L L L L
2 _
: el 7o ? ¢
J) & L b
. 2 f
Signal x Ji r r r r
-5 0 5 10 15 20
4. L L L L
)
21 -
Signal h ‘)
Of 5 & S 5
-5 0 5 10 15 20
10 F L L L L i
The result of 0
convolution
-10 - r r r r ]
-5 0 5 10 15 20

NARODOWA STRATEGIA SPOINOSCI
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Signal Processing E

k=00 4 T L L T
y(n)=x(n)*h(n)= "> x(k)h(n—k)|2- |
2 1 217 ¢ ? 9
J) & i &
. 2 _
Signal x i r r r r _
S 0 5 10 15 20
4. L L L L
2 | O i
Signal h <‘>
05 5 5 S >—E—6 -
-5 0 10 15 20
10F- t L T L N
The result of 0
convolution
-10+ r r r r 7
-5 0 5 10 15 20

5 KAPITAL LUDZKI
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Signal Processing E

k=00 4 T L L T
y(n)=x(n)*h(n)= "> x(k)h(n—k)|2- |
2 1 217 ¢ ? 9
J) & i &
. 2 _
Signal x i r r r r _
S 0 5 10 15 20
4. L L L L
2 0) -
Signal h ‘
05— < 5 S >—E—6 c
-5 0 10 15 20
10F- t L T L N
The result of 0
convolution
-10+ r r r r 7
-5 0 5 10 15 20

5 KAPITAL LUDZKI
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Projekt wspoffinansowany przez Unie Europejska
w ramach Europejskiego Funduszu Spotecznego

UNIA EUROPEJSKA
EUROPEJSKI
FUNDUSZ SPOLECZNY




Signal Processing

B

k=00 4 T . T t T
y(n)=x(n)*h(n)= "> x(k)h(n—k)|2- |
2 1 217 ¢ ? 9
J) & L o
. 2 -
Signal x Ji r r r r
-5 0 5 10 15 20
4. L L L L
2 Q -
Signal h ‘ L
10F- t L T L N
The result of 0
convolution e |
5 0 5 10 15 20

L G e e w ramach Europejskiego Funduszu Spotecznego FUNDUSZSPORECZRY
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Signal Processing

= Determination of convolution

k=00 4 A . ' :
y(n)=x(n)*h(n)="3 x(k)h(n—k)| 2- f
z ! 71 T e 89
i . 3] |
Signal x ] r | | |
-5 0 5 10 15 20
4 : ; L L
e
2 0) |
Signal h T
O<5 0 D 1% S 1; 56 2'0
10 - t C r N
The result of 0 Jv
convolution 10l |
5 b = 10 e 3

NARODOWA STRATEGIA SPOINOSCI
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Signal Processing

B

k=00 4 T L T 5 L
y(n)=x(n)*h(n)= "> x(k)h(n-k)]| 2 - o |
2 0 o1 ¢ ? 9
$ b L b
: 2 .
Signal x i : r r r
S ) 5 10 15 20
4. L L L L
[
2 Q -
Signal h &‘
0 & 8 &
-5 D 5 10 15 20
10F n L t T N
The result of 0 © i
convolution
-10+ r r r r Tl
-5 0 5 10 15 20

NARODOWA STRATEGIA SPOINOSCI
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Signal Processing

= Determination of convolution

k=00 4 T L T 5 L
y(n)=x(n)*h(n)= > x(k)h(n—k)|2- o |
k=—00 0 @ @ @ Q
4) b L b
: 2 .
Signal x i r r r r
S 0 5 10 15 20
4. L L L L
Z 0) *
2+ Q -
Signal h ¢
0 5 ‘ & & S
-5 0 5 10 15 20
10 £ L - L L L _
The result of 0 o I
convolution
-10+ r r r r Tl
5 0 5 10 15 20
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Signal Processing

= Determination of convolution

k=00 4 T L T 5 L
y(n)=x(n)*h(n)= > x(k)h(n—k)|2- o |
k=—00 0 @ @ @ Q
4) b £ b
: 2~ .
Signal x Ji r r r r
-5 0 5 10 15 20
4 X C r
3|+
2 Q -
Signal h <
o 5 ‘ o ome S
-5 0 5 10 15 20
10F t OB E t T N
The result of 0 o l
convolution
-10+ r r r r Tl
-5 0 5 10 15 20
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Signal Processing E

B

k=00 4 T L T 5 L
y(n)=x(n)*h(n)= "> x(k)h(n-k)]| 2 - o |
2 ; 2 1 [ 89
| | [3] |
Signal x Ji r r r r
-5 0 5 10 15 20
4. L L L L
|+
2 0) -
Signal h T
% 0 5 10 5 2
10F t O ¢ t T N
The result of 0 o l
convolution
-10+ r r r r 7
-5 0 5 10 15 20

NARODOWA STRATEGIA SPOINOSCI
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Signal Processing

~

k=00 4 T L T T
y(n)=x(n)xh(n)=">" x(k)h(n-k)|2 - ?9 ]
k:—OO 0 @ @ @ Q
3 4) & L &
Signal x Ji r r r r _
-5 0 5 10 15 20
4. L L Z L L
2r @ -
Signal h ¢
05— 5 5 &5 ‘ o -
-5 0 10 15 20
10; L T L L L i
The result of 0 ot T T = J; o ?l;
convolution i i
-10 - ! - _ - -
-5 0 5 10 15 20
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Signal x

Signal Processing E

Pay attention to the length of the result.

The result of
convolution

L=M+N-1

o]

Compare the input signal x with its convolution with h.

|

L6
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Signal Processing E
L &

i Convolution - example

11 h(t)

¥

Ky 1 ™

1 X® y(t):_f K()h(t - )z

L1

0

Determine y(t)= x(t)* h(t), for:
AM=4, At=2, At=3/2 1 At=1
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1 T T T T T T T T T T
At=4 Ul |
0 r r r r r r r r r r r
-10 -8 -6 -4 -2 0 2 4 6 8 10
1 L ® @ L o ® [
x 0.5~ -
0 L L
-15 -10 -5 0 5 10 15
1: T T T T r
=
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c
(@]
O
hE r r r E
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1 * * * ¢ *

=< O |
0
L3 -4 -2 0 2 4 6
1¢ N

conv(x,h)
o
o1
|

o
H
H
b
b
b
b
H
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T C C t t - - - :
A S Wl |
0 r r r L : . ;
n 3 5 1 0 1 2 3 4
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o
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T L L
At=1 Wl f
0 r r r r : . :
ol5 | _JNEepE . 0o T e o
1 * * * ¢ *
=< O |
0
2 -2 -1 0 1 2 3
1 r L - - -
=
=
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=
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Signal Processing

Joy of Convolution

A free tutorial on convolution can be found in the internet at:

 http://www.jhu.edu/~signals/convolve/index.html

NARODOWA STRATEGIA SPOINOSCI
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http://www.jhu.edu/~signals/convolve/index.html

Signal Processing
g2 Convolution example

A liner system is defined by 1 1
a difference equation: y(n)="x(n)+_ x(n-1)

Impulse response of this system is:
h(n) — 15(”)4— 15(” _1)
40 1112 v
At
—11/2
b
an) h(n) A
n

.
EEEEEEEEEE
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Slgnal .............. I_TEI_J_I_S_?_reSponse y(n) — N h(k ) X(n _ k)
X(0)=1 h(0)=1 k=—o0
x(1)=0 h(1)=1 ll
x(2)=0 h(2)=1 —
y(n)=">" x(k)h(n—k)
k=—00

y(0) = x(0)h(0) + x(1)h(-1) + x(2)h(-2) = 1+0+0 =1
y(1) = x(0)h(1) + x(1)h(0) +x(2)h(-1) =1+0+0=1
y(2) = x(0)h(2) + x(1)h(1) +x(2)h(0) =1+0+0=1
y(3) = X(0)h(3) + x(1)h(2) +x(2)h(1) =0+0+0=0

Projekt wspoffinansowany przez Unie Europejska
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N MPLISE FESPONse (1) S h(k)x(n—K)
x(0)=1 h(0)=1 K=o
x(1)=1 h(1)=1 1l
x(2)=1 h(2)=1 o
y(n)= > x(k)h(n—k)
k=—00

y(0) = X(0)h(0) + x(1)h(-1) + X(2)h(-2) = 1+0+0 = 1
y(1) = x(0)h(1) + X(1)h(0) + x(2)h(-1) = 1+1+0 = 2
y(2) = x(0)h(2) + x(1)h(1) + x(2)h( 0) = 1+1+1 = 3

Projekt wspoffinansowany przez Unie Europejska
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. Signal Processin
L4 Response of the linear system ’ i E
g to the discrete signal

The system’s impulse response can be infinite, eg:

y(n)=a,y(n—-1)+x(n) e

x(n) (D - y(n)

At
a,y(n-1) q y(n-1)

For what values of a, the response of the system is bounded?

. *
EUROPEJSKI * *
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Signal Processing E

1. Any discrete time signal can be defined by?

a) a linear combination of weighted unit pulse functions

b) a linear combination of delayed unit pulse functions

c) a linear combination of unit pulse functions

d) a linear combination of delayed and weighted pulse functions

2. The impulse response is sufficient to completely characterize?
a) alinear memoryless system

b) alinear system

C) atime invariant system

d) alinear time invariant system

Projekt wspoétfinansowany przez Unie Europejskg RIKEUROBEISIA
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Convolution as filtering

Example:

Convolve ECG signal with an impulse response:

()= 1 1 1 1 1
24 24 24 24 24,

. *
EUROPEJSKI * *
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Convolution as filtering

Signal Processing

# Python (interactive mode)

from scipy.io import loadmat,savemat
ecg=loadmat('ecg all.mat')['ecg s']
ecg=reshape(ecg,len(ecg))
plot(ecg)
h=1/24.*ones(24)
y=convolve(h,ecg)

#load ecg signal and assign to variable ecg

#reshaping required for .mat files

#define impulse response h
#result of filtering

plot(y)

k=23

h(O)x(n)+ hLx(n—1)+...+ h(23)x(n—23)= > h(k)x(n—k)

k=0

y(n)
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Signal Processing

Convolution as filtering

ECG signal Filter’s impulse response
0.6 T T T T T 1 T T T T
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Signal Processing

ECG signal
and its convolution
with h.
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Signal Processing

-

Convolution - digital filters

Moving average Autoregression
________ parameters _______. parameters
r x(K) - y(K)
o B el e
! I
| |
| z? | 71
: b1 : a;
: x(k-1) : < y(k-1)
: ¥ : v
| i : 7zt
! I
| |
L xk2) | B »(9 ! Q< % | y(k-2)
: z? ! 7t
: bM : an
| x(k-M) . y(k-N)
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Signal Processing

Systems and convolution - summary

Types of systems
Various systems’ properties
LTI systems

Continous vs discrete signals

a k~ WD PE

Convolution
- definition

- calculation

- examples - filtering
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